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Abstract 

Nonlinear systems can not be totally determined by the conjugate pairs of 
through and across variables routinely used in nonequilibrium thermodynamics 
and physical systems theory [1,2]. Once a reference state is specified, this problem 
is solved, but the constitutive relations now are reference state dependent. In this 
work, network thermodynamics, as developed by Peusner [3,4], is applied to non- 
linear kinetic networks. The unification with the Hill, King-Altman approaches is 
further refined using the reference state idea of Sauer [1,2]. This results in a new, 
formal "thermokinetic" coordinate system which preserves both linearity and 
reciprocity rar from equilibrium. This work also identifies two distinct classes of 
networks, namely "mechanistic" and "thermodynamic". It will be shown that 
Peusner's approach [ 3 - 8 ,  2 4 - 2 8 ]  provides a smooth transition between them as 
the mechanistic model approaches the near equilibrium (Onsager) domain. 

1. Introduction 

Sauer  developed a nonl inear  theory  o f  nonequi l ib r ium t h e n n o d y n a m i c s  [1 ,2]  

and clearly s tated the need to define reference states in order  to comple te ly  de teml ine  

such systems.  The reference stare is a specif icat ion o f  an ext ra  set o f  const ra in ts  

b e y o n d  the specification o f  chemical  potent ia l  or concen t ra t ion  differences.  For  

example ,  a subset o f  concen t ra t ions  m ay  be held fixed in addi t ion to the concent ra -  

t ion differences.  The clarity which the reference state provides in potent ia l  experi-  
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mental design is offen overlooked. The reference state also plays a natural role in 
Peusner's network thermodynamic models of kinetic systems [ 3 - 6 ] .  This work is a 
systematic development of Peusner networks, using the reference state concept to 
construct linear networks (networks with constant resistors) for a given reference 
state. Since the choice of reference state is equivalent to the choice of variables to be 
held constant in any experimental design, the implication for the design and inter- 
preation of expefiments is an important one. 

The need for the explicit identification of reference states is ubiquitous in non- 
linear systems. Some simple examples illustrate this point. 

THE NEED FOR REFERENCE STATES : A SIMPLE KINETIC EXAMPLE 

Consider the simple first-order chemical reaction: 

A ~ B .  

The flow of reaction Jr is measured either by the disappearance of A or the appearance 
of B: 

Jr = - d A ~ d t  = dB~dt. 

Kinetically, this can be related to the concentrations of A and B in a well stirred 
region: 

Jr =KABA - KBA B, 

where A and B are the concentrations. It should be clear that two quantities are 
necessary to determine Jr given that the rate constants K423 and KBA are truly 
constant and known: namety A and B. Thus 

Jr = Jr (A, B). 

Notice that knowing only differences of the concentrations or ratios does not suffice. 
Consider two experiments such that A 1 - B 1 = A 2 - B 2, for example. Then the 
reaction flows are 

Jrl = KABA1 - KBA B1 and Jr2 = KABA2 - KBA B2" 

When does 

J r l  = Jr2 ? 

The condition is 
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KABA 1 - K B A  B 1 = KABA2 - KBA B2. 

Although we also have required that 

A 1 - B 1 = A 2 - B2, 

we now have only two equations and four variables. This hardly determines the 
system. The same argument can be made when we fix the ratios of  A and B rather 
than the differences. If  we require that 

A1/B  1 = A 2 / B 2 ,  

the system will still not be determined. 

THE REFERENCESTATE 

Let us now further define the system by specifying a reference state. We require 
that, in addition to either of  the above conditions, B~ = B 2 = B (some "clamped" 
concentration o f B  where only A can vary). Now we have for Jrl = Jr2 that 

KAB A 1 -- ]~BA B = KAB A 2 - KBA B 

or that 

A 1 = A 2 !  

This example may seem trivial, but it is extremely important to realize what is the 
minimal amount  of  information necessary to determine the system. 

NONEQUILIBRIUM THERMODYNAMICS 

The reaction kinetics according to Onsager's nonequilibrium thermodynamics 
[ 9 - 1 2 ]  would be formulated according to the following transformations: 

Jr = KAB A -- KBA B" 

At equilibfium, Jr = O, and 

A*/B*  = KBA /KAB. 

Defining the deviation from the equilibrium concentrations as follows: 

a = A - A *  and /3 = B - B * ,  
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the reaction rate can now be expressed as: 

Jr = KABA* + KAB a -- K B A B * -  KBA 

= KAR o~ - KBA /3 = I<AB O~ (1 -- K B , , / 3 / K ~  o0. 

It should be noted that in general two quantities, in this case both a and the ratio/3/a,  

need to be specified to detemfine the flow of  reaction. 

THE CHEMICAL AFFINITY 

The chemical affmity for the reaction is 

A = ;l A - PB = P~ + R T l n  A - #° B - R T l n  B 

= p~ + R T l n ( a + A * )  - l l ° B - R T l n ( / 3 + B * )  

= pÄ - p° B + R T  [ lnA* (1 + [ a t A * ] )  - l n B *  (1 + [/3/B*])]. 

Also at equilibrium, 

, i  i t  

IJA = laß 

pÄ + R T l n A * =  p° B + R T l n B *  

P54 - P°B = R T l n  [B* /A*] .  

Therefore,  

A = la~ - p °  B - R T l n  [B*/A*]  + R T  [ l n ( l +  [ a / A * ] )  

- In (1 + [ ~ 3 I ß * ] ) ,  

and since the first three terms sum to zero, 

A = RT [ln(1 + [c~/A*]) - ln(1 + [ /3 /B*] ) ] .  

THE NEAR EQUILIBRIUM APPROXIMATION 

Near equilibrium oe ~ ~*  and /3 ~ B* 

under these conditions, we have that 

, and using the fact that ln(1 + x)  ~ x 
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A ~ RT([~ /A*I  - [ /3 /B ' l )  

: ( R T a l A * ) ( 1 -  [~/~1 [A*/s~*]) 

= ( R T a / A * ) ( 1 -  [/3/a] [KBA/KAB]). 

Using the expression for the reaction rate Jr, 

a ~ [Rr/(A*KxB)] " 4  or Jr ~ (A*KA~/RT)'A. 

Near equilibrium, the reaction flow is approximately determined by the 
affinity alone, which is a function of the concentration ratio. No reference state is 
necessary. Thus, in the linear, near equilibrium region the reference state is not used 
in nonequilibrium thermodynamics. There is danger here! The ability to ignore the 
reference state rest heavily on the near equilibrium assumption, independently from 
the use of the same near equilibrium assumption to write a linear phenomenological 
equation Jr = LA.  What they have in common is only the near equilibrium assumption; 
they are not causally related. When formulated as networks, these kinetic systems are 
linear far from equilibrium with respect to other driving forces. Only in the near 
equilibrium domain do the network driving forces (sources) asymptotically approach 
the thermodynamic driving forces. This will be shown in detail in this work. 

THE HILL DIAGRAM METHOD 

Hill's diagram method [15,16] has been very fruitful for formulating non- 
linear reaction-diffusion systems and relating the more general (and complete) kinetic 
description to the nonequilibrium thermodynamics ofOnsager nearequilibrium [9,10]. 
Once again, care must be used to confine this translation to the near equilibrium 
region. The most common nonlinear reaction the method is used to formulate is the 
binding of a ligand to a carrier: 

Ai + Ct= X i, 

where A i is the ligand concentration on side i of the membrane (i = L or R), C i is 
the carrier concentration on that side, and X i is the carrier-ligand complex concentra- 
tion on that side. By requiring steady-state conditions to be met, A i can be con- 
sidered constant and the kinetics can be made pseudo-first-order. 

The actual kinetics are indeed not first order: 

Jr = K f A i C i -  KbXi '  

where Kf and K b are the second- and first-order rate constants for the forward (bind- 
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ing) reaction and the backward (dissociation of the complex), respectively. For fixed 
values o f A i ,  the reaction assumes a pseudo-first-order form: 

where 

J r  = Kcx Ci - K b  X i  , 

Kcx = A i K  f . 

Next, by a set of manipulations involving the principle of detailed balance, the 
fluxes can be identified with the steady-state (clmnped) ligand concentrations through 
relationships like the following: 

n , + . / n 7  • = e x p ( X i / k T )  = J+/Ji-' 

where Ili's are one-way cycle fluxes expressed as products of rate constants around 
closed loops in the system, X i is the driving force for net flow in cycle i. and Ji's are 
the one-way cycle fluxes, expressed as fluxes usually are (see fels. [15,16] for details). 
Near equilibrium, ,//÷ = Jt- = "li*, so that the net flux around any cycle 

or  

B = J+ - J.- = J.- [J.+/J.- - 1] = J.- [ e x p ( X i / k T  ) - 11 i 

J.-~ J . * / l « r .  x ,  . 

Once again, near equilibrium the flows become flmctions of the forces alone, without 
need of a reference state. It should be clear that these diagrams represent systems 
built up from single kinetic steps so that the ligand concentrations can be varied 
independentty in each bath and that, in general, the system is highly reference state 
dependent away from equilibrium. For a very simple example we take the simple 
carrier model, which has been well described by many methods. We will do Hill's 
analysis of this model to illustrate the necessity of using reference states to characterize 
the model. 

THE SIMPLE CARRIER MODEL: HILL's METHOD OF ANALYSIS 

The model to be discussed is shown in fig. 1. The binding reaction is obviously 
the one described above. For simplicity, we assume the movement of carrier and 
complex across the membrane is passive and that the binding reaction has the same 
kinetics on both sides. States are labeled as follows: 

1 = X l ,  2 = C 1 ,  3 = Cr,  4 = X r. 

The Hill diagram is the linear graph shown in fig. 2, and the rate constants are: 
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cL iF 
x L ~ = X 

R 

MEMBRANE 

Fig. 1. The simple carrier model to describe the facilitated 
passive transport of a ligand A across a membrane. 

I 2 
IL  

r 

4 3 
Fig. 2. Linear graph representation or Hill 
diagram of the simple carrier model in fig. 1. 
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Kl2 

K21 

K23 

K34 

and K41 

= Kb, 

= KfA1, 

= K32 = Pc, 

the rate constant for the backward reaction; 

the rate constant for the forward (binding) reaction times 
ligand concentration in the left bath; 

the permeability for the "naked" carrier crossing the 
membrane; 

= KfAr, K43 = Kb, the permeability of the ligand-carrier complex, where A 1 and 
=K14 = Px, A r are the ligand concentrations on either side of the 

membrane. 

The fractional state populations p(i), i = 1, 2, 3, 4, are found by Hill's 
method [15]: 

N(1) = N .  p (1) = PxKfArPc + PxKfArKfA1 + PxPcKfAl + KbPcKfA 1 

N(2) = N.  p (2) = KbPxKfA r + KbPxP c + K~P c + PxKbPc 

N(3) = N . p  (3) = PcKbPx + PcK~ + Pc/<bPx + KfA1PxK b 

N(4) = N . p  (4) = PxKfAiPc + PxKfA1KfAr + PxPcKfAr + KfArPcK b. 

Hill has developed a graph-based technique for obtaining the above expressions. 
For the graph in fig. 7, there are four distinct trees, each obtained by striking out one 
branch. For each state population there is one tern1 per tree, obtained by directing the 
remaining branches toward that node and multiplying the corresponding rate constants 
together. For exmnple, the first term in the first equation is for the tree obtained by 
striking out branch 1 -+2: 

PxKfArP c = K41K34K23. 

We have imposed the condition on the state populations so that the fractional state 
populations [N(1) + N(2) + N(3) + N(4)] -- N sum to unity: 

p(1)  + p(2)  + p(3) + p(4) = [N(1) + N(2) + N(3)  + N ( 4 ) ] / N  = 1. 

The net flux of  the ligand A across the system can be determined from 

JA = Px" [p(1) - p (4) ] ,  

or, after substitution 
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JA = P(A1 - At)IN 

= P(A I - A r ) / { R ( A  1 +Ar)  + SA1Ar + T}, 

where 

P -- PxP¢K«/~b 

R : 2K~PxPc + K«Kb(Px + Pc) 

S = 2PxK ~ 

T = K b [4PxP c + 2KbPc]. 

Clearly, this flow cannot be specified without a reference state! Merely fixing the 
difference A 1 - A r does not determine the flow. For example: 

Let (A 1 - A r )  = 8 and A r = 0 .  

Then A 1 = 8 and JA = PS/{R8 + T}. 

Nowlet  (A l - A r )  = 8 and A r = 8 .  

Then A 1 = 28, A 1 + A r = 3 8 ,  and A 1 A r = 282  

«Ä =P6/{2R6 + 2S6 z + r } 4 : J A !  

Thus, the flow depends on the choice of reference state. 

PEUSNER's  NETWORKS 

The use of network and graph theory in electronics has a history dating back 
to Kirchhoff [17]. It is completely unnecessary to point out the impact these ideas 
have had on the modern world (often called "the electronic age"). Network theory 
has already had a profound effect on macroscopic physics in the analysis and synthesis 
of electronic systems. Peusner's network thermodynamics generalizes these well-known 
results and makes them applicable to a much larger class of systems. Beyond this, the 
network thermodynamic approach has accomplished a number of important contri- 
butions to macroscopic physics, including (1) the discovery of a metric structure 
underlying thermodynamics; (2) a class of "thermokinetic potentials" which topo- 
logically connect spaces belonging to distinctly different physical processes; (3) the 
extension of the Kedem-Caplan energetics of nonequilibrium systems to a broader 
class of systems than those covered by the Onsager theory; (4) the generation of a 
unifying graph-theoretical approach to dynamic systems which can include flow 
graphs and the King-Altman and Hill approaches; (5) the proof ofOnsager's reciprocity 
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for connected networks arising out of  Kirchhoff's laws and Tellegen's theorem [3--8, 
2 4 - 2 8 ] .  

Peusner introduced his network approach, applied it to a broad class of systems, 
and later made it public [3] at about the same time as Oster et al. introduced the 
bond-graph approach [18]. It is also possible to simulate very complicated living 
systems using SPICE and a variation on Peusner's ideas [ 1 9 - 2 3 ] .  The unifying nature 
of graph-theoretical methods by using Peusner's approach was recently re-emphasized 
[5]. That work suggested that a number of alternative network representations of a 
mechanistic (kinetic) description of a system were available. It is now clear that, in 
fact, if the reference state is carefully chosen [1,2], there is a network representation 
of a system which has some very important properties. It is the purpose of the 
remainder of this work to spell out the interplay between the choice of reference state 
and network representation, as weil as to show how mechanistic "thermokinetic" 
networks smoothly become isomorphic with the network thermodynamic descdption 
of Onsager systems near equilibrium, thus establishing the metric stmcture and other 
properties for them, as so clearly demonstrated in Peusner's work [3 ,4 ,8 ,24-27] .  

2. T h e  c rea t ion  o f  Peusner  n e t w o r k s  fo r  t h e r m o k i n e t i c  sys t ems  

GENERAL COMMENTS 

The Peusner approach has been described in detail in a number of places (see, 
for example, [3 ,4 ,7 ,8 ,24-28]  ), and need only be summarized here. The idea is very 
simple: to represent each kinetic step by the network thermodynamic structure 
shown in fig. 3. 

ù FLOW , ,,- 

P O T E N T I A L  [ POTENTIAL  
~- C O N D U C T A N C E  I © 

I 2 

Fig. 3. The network thermodynamic structure representing a 
simple kinetic step. It is analogous to a resistor in electronics. 

This structure is prototypical of  dissipative elements of other types such as 
electrical resistance, diffusion resistance, hydraulic conductivity, etc. An object can 
be given a value which is either a conductance or a resistance, and has very specific 
relationships to the "through" (flow) and "across" (force) variables associated with 
it. The nodes are compartments and/or "pools" and represent points of connection 
with other network elements of the same kind or of other types. The element is a 
"branch" in a network, and as such can be defined in terms of the following network 
variables: 
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(1) Node potentials: These potentials are the key to the construction of connected 
network representations. Their difference constitute the force across the 
element (branch force). 

(2) Branch flows: The response to the branch force. These flows go through the 
branch and constitute the movement of an amount ofsomething (mass, volume, 
charge, mole number, etc.) from one point to another through the branches of 
the network, per unit time. 

(3) The branch conductance or resistance defined by: 

conductance = flow/force 

resistance = force/flow. 

Note that (1) and (2) constitute the operationally manipulative aspects of the system. 
They are either regulated or measured during an experiment. On the other hand, (3) is 
calculated from (1) and (2). 

REPRESENTING A FIRST-ORDER KINETIC STEP AS A CONDUCTANCE 

Now that we have defined a network element having characteristics analogous 
to electrical conductances, we wish to formulate kinetics in a way which fits this 
definition. We begin with the first-order kinetic step defined by 

J12 = Ka2 C1 - K21 C2- 

Referring to fig. 3, the above symbols have the following meanings: 

J12 
- 

C 1 - 

c2  - 

The units 

flow through the branch from node 1 to node 2 in units of amount 
of flowing substance per unit time (mole/sec, for example). 

concentration of substance flowing in some compartment or pool 
labeled 1. 

concentration of that substance in compartment or pool labeled 2 
(note that the network nodes represent these compartments). 

are the amount per unit volume (moles/liter, for example). 

K l 2  

K21 - 

A simple 

a rate constant for the transfer of material from compartment or 
pool 1 to compartment or pool 2 (liters/sec to be compatable with 
the above units). 

a rate constant for the reverse transfer. 

rearrangement of the equation accomplishes what we want, namely 
that 
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B2 = K12 ( C 1 -  [K21/K12] C2)" 

Now, by identifying the rate constant Kx2 as the conductance and the expression in 
parenthesis as the difference in two potentials which constitute the force across the 
branch, the network elements can be viewed as in fig. 4. 

v 

dl2 

C I c z K z l  
• K • 12_ K 

12_ 

Fig. 4. The network thermodynamic structure for a first- 
order kinetic transition with its potential,  conductance and 
flow explicitly noted. 

A number of things have been accomplished in fig. 4. First of all, the trans- 
formation of the kinetic equation to a form which has a network branch complete 
with potentials, flow and conductance. This is the same basic network structure as 
those which represent Fick's law, Poiseulle's law and Ohm's law. A second, more 
subtle, result is the "scaling" of the second potential by the factor 

K2t ~Kl2 = ( K e q ) l  2 = exp (A G°2/RT). 

This scaling is the key to creating complete, connected networks. To illustrate this 
point, we will examine a simple example. 

THE THREE-STATE MODEL (GENERAL FORM) 

The importance of the ideas introduced above manifests itself when we model 
the kinetics of enzyme mechanisms, carrier transport systems, etc. As a simple 
example, we will create a Peusner network for the example shown in fig. 5. 

FIRST-ORDER VERSUS PSEUDO-FIRST-ORDER TRANSITIONS 

The general scheme in fig. 5 treats each kinetic step as if it were first order. In 
reality; this would be the famous Onsager triangle reaction [9, 10] where, for example, 
each of the states represents an isomer of the same chemical compound. Onsager used 
this example in his development of the reciprocity proof. The completely first-order 
system is capable of relaxing to equilibrium or being held in a stationary state by 
"clamping" one or more state populations (concentrations) at a nonequilibrium value. 
More interesting are the cases where at least some of the steps are pseudo-first order, 
representing second-order transitions with one reactant concentration held fixed: 
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Kl 2 y 
C 

I 

Kl3 

K23 
C 2 ....................... ~ C 3 

K32 

Fig. 5. A 3-state kinetic model. This is the general form, 
representing a number of different mechanisms, depending 
on the nature of the rate constants (see text for explanation). 

A + X = Y .  

The "flow" of this reaction in the forward direction is given by 

«la = x12 lA] [X].  

If [A ] is held fixed, it can have this pseudo-first-order representation 

J12 = K12 [X] ,  

where 

K12 = X12 [A]. 

Obviously, K12 has a new value each time the concentration of A is changed. What it 
important is the fact that this pseudo-first-order transition has the same network 
representation as the true first-order transition, if we remember that the conductance 
and/of the potentials may be parameterized by the concentration of A. With this idea 
in mind, we will create a Peusner model of the general 3-state model, and then look 
at a specific case with pseudo-first-order transitions. The first kinetic step is 

3"12 = KI2(C 1 - [K21/K12 ] C2), 

and has the network representation pr�viously described (fig. 4). To turn the second 
kinetic step into a network branch, we notice that the first potential has already been 
defined by the first branch to be C 2 [K21/K12 ] . Using this fact as a constraint, the 
second kinetic step is 
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B3 = (K23K12/K21)" (K21 C2/K12 - K32K21 C3/[K23K12])" 

Once more, it has the required form 

flow = conductance • (potential A - potential B), 

and the partially complete network is shown in fig. 6. 

~ K ~ ~ 3  CI 

K21 C2./ __ ~.C 3 K21 K52 

Kl2 K21 Kl2 K23 

Fig. 6. Partial network for 3-state model: first two kinetic 
steps. Note scaling of the potentials. 

The third and final kinetic step is treated in exactly the same manner. Using 
the previously defined potential as a constraint, the kinetic equation is 

J31 = K31K12•23/K21K32 [K32K21 C3/(K-23K12) 

- K13K21 K32 C1/(K31 KI2K23)].  

The completed thermokinetic network is shown in fig. 7. 

K21 

Kl 2 

Kz~ K32KI3 ~ K23K31 

K2~ K2~ K32 
C2 C 3 - -  

Kl 2 K23 

Fig. 7. The complete thermokinetic net- 
work for the general 3-state system. 
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THE PRINCIPLE OF DETAILED BALANCE 

The system obeys the principle of detailed balance in the form: 

K12K23K31/K21K13K32 = K. 

In the case of the Onsager triangle reaction, all the transitions are true first- 
order transitions, and the value o f K  must be unity in order for the principle ofmicro- 
scopic reversibility to be upheld. However, in the network the value of the source X is: 

X = C 1 [1 - K13K3zK21/(K12K23K31)] , 

and in this case, X = 0. This constraint is equivalent to requiring that at equilibrium: 

J~2 = J23 = J3~ -- 0.  

In other words, it is the requirement that each kinetic step go to equilibrium inde- 
pendently. 

Since the source has the value zero for this case, it can omitted from the 
network and the network is purely passive. Without rauch further effort, it is easily 
demonsträted that this feature is at the root of Onsager's reciprocity proof for this 
system [3 ,4 ,7 ,8 ,24 -28 ] .  

This point deserves further comment. Peusner's work repeatedly establishes 
a profound sameness between Onsager reciprocity in a system and the connectivity 
of its network representation. In this example, as well as others, this connectivity of 
a passive, purely resistive network arises out of the application of the principle of 
detaüed balance; in other words, microscopic reversibility. The fact that the network 
is passive is central, since sources will, in general, destroy the reciprocity. In the 
examples that follow, the pseudo-first-order rate constants do not obey detailed 
balance, only the second-order rate constants contained within them do. Thus, the 
sources "disappear" only at equilibrium and in an arbitrarily small region around it. 

It is also worth noting that K = 1 is equivalent to the fact that there is no ner 
reaction taking place as the system completes a full cycle in the kinetic diagram. 

The second, and generally more interesting set of examples, is that which 
contains systems having pseudo-first-order transitions. One simple example is the 
well-known Michaelis-Menten system: 

(1) E + S ,~ E X  

(2) ES ~ EP 

(3) EP ~ E + P. 
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Here, the enzyme E can exist in the three states E, E S  and EP, and the three transi- 
tions are 

B 2  = X l z  " E "  S - K I 2  " E S  = K 1 2  " E - K z l  " E S  

B3  = K23 E S  - K32 E P  

"/31 = K31 " E P  - X13 • E .  P = K31 • EP - Kl3 E. 

fig. 8. 
The complete network for this system can, in fact, be represented as shown in 

V 2 

V I 

V-X 

V 3 

Fig. 8. The basic network for the Michaelis-Menton system 
(special case of  the general case shown in fig. 5). This basic 
network represents three distinct networks, all valid 
representations of the system (see text for explanation). 

The network shown in fig. 8 has a rather simple steady-state solution: 

J = L T X  , 

where J = J12 = J23 = J31 in the steady state, X is the source value, and 

1/L T = 1/L1 + 1/LŒ + 1/L3. 

Depending on the node used to start the construction of the network, three network 
representations are, in fact, possible. Table 1 summarizes the values of the conductances, 
potentials and sources for each. (Flows remain the same in every case.) Since each of 
the network representations has the same solution and each must represent the system, 
the following relations can easily be established. The three solutions are: 

J = ( I l ecw/e l ) (C1) (1-  Ilcw/Ilccw) , 

s = ( n ¢ c w / e : ) ( c : ) ( 1 -  rlcw/Hccw), 
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and 

j = ( n c c w / e 3 ) ( c 3 ) ( 1 -  n o w / I l c c w ) ,  

or, rewriting: 

J el = C1 (IIcc w - Ilcw), 

J e2 = C2 (ilccw - llcw), 

J 63 = C3 ( i l c c w  - I l c w ) '  

In these saturable enzyme systems, the total mnount of enzyme is usually both small 
and constant: 

C T= C 1 + C 2 + C 3 .  

If the three network descriptions are added, the sum is 

o r  

J e = c T  (n¢cw - ncw) ,  

j = ( C T / e ) ( I l c ¢  w - new ). 

This is the "complete" solution to the problem, expressing the flow in terms of a 

conductance C T/e,  and a force (Ilccw - Ilcw), where 

e = 61 -t- 62 -t- e 3 .  

A number of important observations should now be made. First of all, without 
going into detail, a correspondence between many of the expressions used here and the 
Hill diagram rnethod can be made. The expressions e, el ,  e 2 , and e 3 have exactly the 
same meaning as in the Hill treatment. (Hill uses the trees of the linear graph to 
formulate these in tenns of the rate constants.) In the present context, they arise in 
the conductances. Here, the three trees were used as well, each as one network. The 
other correspondences are in the terms Il, Ilcw, and Ilccw, which also appear in Hill's 
treatment. It should also be noted that the use of all three networks to arrive at a 
solution independent of the concentrations C 1 , C2, and C 3 is not necessary. Any one 
of the three networks would have been sufficient. The method of solution will be 
explained in detail in the next example. (This becomes very important when the 
kinetic schemes become more elaborate, since the linear graphs' forests may then 
contain hundreds, or even thousands, of trees. The network solution will always 
utilize only one tree.) 
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THE CHOICE OF REFERENCE STATE 

Besides being a simple demonstration of the technique Peusner introduced %r 
finding connected network representations of the kinetic description of enzyme, 
carrier and other systems, the above example illustrates the need to define a reference 
state [1,2]. These nonlinear systems have a thermodynamic description which is 
almost always more complicated than linear systems. 

When kinetic models of the type being considered hefe are analyzed (saturable 
enzyme and/or carrier systems, for example), this description is nonlinear and, in 
general, has the form [1,2] : 

:K = ~~ (c¢, c',, c~, cg, , c?,  c~), 

where A and B now refer to the two sides of the system and 1, 2 . . . . .  k to different 
chemical species. If these flows are to be expressed in tenns of the X i mentioned 
above, the resultant functional dependence is of the form: 

Jx = GK(Xx, X2 . . . . .  X i ;a l ,a2  . . . . .  ai), 

where the ai's are some function of C/A and C~ and determine the reference state for 
the system's description. Thus, any relationship between the flows and the forces is 
reference state dependent. This suggests an experimental strategy which first fixes a 
reference state and then examines the flow-force relations for each reference state. 

The three networks which were created to describe the Michaelis-Menten 
system have a very important relationship to the choice of reference state. We must 
examine them more carefully with respect to the pseudo-first-order rate constants. 
In this model, they are 

Kl2 = k l2 .  S 

Kl3 = ~-13 " P" 

An examination of table 1 shows that there is one and only one network which has 
conductances independent of K13, namely the network formed by starting at node 1. 
This is due to the fact that the last kinetic step to be formulated as a network branch 
was the only one containing this rate constant. Without too much trouble, it can be 
demonstrated (the argument follows trivially from symmetry) that if the same node 
were used as a starting point and the constmction were to be carried out in a clockwise 
direction around the loop, the conductances would be independent of K12. Once 
more, the rate constant Kl2 only occurs in the last branch constructed. 

Two very convenient choices of reference state are to clamp either the sub- 
strate concentration S = S o or the product concentration P = pO, and to cause the 
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flow to vary by varying the unclamped member of the pair. Each of these choices of 
reference state has associated with it a network whose solution is 

J = L X ,  

where L is constant in ttüs reference state. Thus, the network has produced a 
coordinate system which is linear in a given reference state. 

Other reference state choices are possible given the networks we have created. 
For exmnple, in table 1, the networks formed by starting at nodes 2 or 3 have constant 
conductances as long as S/P = R o. The ratio of substrate to product concentrations 
must be held constant in these cases. 

We have demonstrated the relationship between Peusner's networks and the 
choice of  reference state for a simple, nonlinear system having only one degree of 
freedom (one force-flow relationship in a given reference state). It is possible to 
extend this development to single degree of freedom systems with more states. These 
would include completely coupled versions of more complicated systems, since com- 
pletely coupled systems have only one cycle. It is easily shown that Kirchhoff's 
criteria for independence of loop flows is applicable in making this assessment of the 
number of degrees of freedom. 

AN EXAMPLE WITH TWO DEGREES OF FREEDOM: LINEAR DESCRIPTION 
AND ONSAGER COEFFICIENTS FOR A GIVEN REFERENCE STATE 

The system to be used as an example here is taken from Rothschild et al. [11]. 
This is shown in fig. 9(a), with one of its networks in fig. 9(b). 

Table 2 lists the values of the networks potentials, conductances and source 
values. The network can be constructed as above, following this bath through the 
branches: V~ -~ ~~ ~ ~~ -~ V 4 -~ I~* and VI -+ V2*. The starred steps indicate the 
need to "close the gap" with sources X~ and X 2 . 

By using Kirchhoff's voltage law, the "potential drops" around two inde- 
pendent loops a and b can be related: 

X 1 = (RI +R2 + R3)J1 - R3J2,  

X 2 = - R 3 J  1 + ( R  3 +R4 + R s ) J  2, 

where the Ri's are the resistances corresponding to the conductances Li: 

R t= 1/L i, i = 1 , . . , 5 .  

These two equations can be ~«~lved simultaneously to express the flows in terms of 
the forces: 
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V I 
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& 
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Fig. 9. (a) The kinetic scheme for a simple active t ranspor t  
system. Transi t ions 2 ~----*3 involve "crossing" the membrane .  
Step 1 - - , 2  involves a chemical  react ion S~--~P, and steps 3 -* 4 
and 2 --, 4 involve binding a t ranspor ted  ligand each on opposi te  
sides of  the membrane .  (b) The ne twork  representing this 
system in the  reference state P = pO AR = A ~  (product  concen-  
t ra t ion  held cons tan t  and ligand concen t ra t ion  on the right- 
hand  side held constant) .  In this reference state,  the ne twork  
has cons tant  (but  reference state dependen t )  conductances .  

Table 2 

Conductances ,  potentials ,  and source values for the ne twork  in fig. 9(b) 

A. Node potentials 

V 1 = C 1 

V 2 = C2/a 
v 3 = C3/b 
V 4 = C4/c 

where the Cfs are the concent ra t ions  of  the enzyme in each state,  and a, b, and e 
are the scaling factors for the potent ials :  

b = K13/K31 
a = b K 3 2 / K 2 3  

c = a K 2 4 / K 4 2  

B. Conductances 
L 1 = K l 3  

L 2 = K l 2  

L 3 = K I 3 K 3 2 / K 3 1  

L 4 = K 1 3 K 3 2 K 2 4 K 4 3 / K 3 1 K 2 3 K 4 2  

L 5 = K 1 3 K 3 2 K 2 4 / K 3 1 K 2 3  

C Sources a a 
X1 = C2 (1 - rlcw/rlccw)(K21/K12) 

b b 
X 2 = C 3 (1 - I l ccw/ I l cw)  (K31/K13) 
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J, = [(R~ + R~ + R~)/~] X, + (R3/a)X~,  

where 

B = ( R 3 / A ) X  1 + [(R + R 2 + Ra)/A ] X 2 , 

A = ( R  1 + R 2 ) ( R 4  + R s  ) + R 3 ( R  I + R 2  + R 4 + Rs). 

Since X~ and X 2 depend on the state populations C 2 and C3, a more compact solu- 
tion would eliminate these values. However, in this reference state, the above relations 
between the observable flows J~ and J2 and the network's Jbrmal forces X~ and X 2 
are both linear and reciprocal arbitrarily far from equilibrium! 

SOLVING FOR THE STATE POPULATIONS 

No matter which method one chooses, the solution of the problem in its most 
compact foma should be independent of the state populations. If we wish to express 
this network's solution in tenns of the network's formal forces, we have already 
accomplished this. However, if we wish to express the flows as functions of thermo- 
dynamic forces and/or concentration ratios, we must solve for the state populations. 
We will introduce a method which accomplishes this in a manner not dependent on 
the use of Cramer's rule of other linear algebraic manipulations. First, we formulate 
"Ohm's law" for each of the five conductances: 

II1 - ~~ = R i J 1 

V 2rll - J71 = R  2 J1 

G - G = R 3 ( 4 - J , )  

G , , -  Vù = RùJ2 

V ù -  G = R»J2, 

a a b b where m =I]cc w /IIcw and n = [Icc w/Ilcw, and a and b refer to the upper and lower 
cycles, respectively. Due to the principle of detailed balance, at equilibrium n = 1 and 
m = 1 for this reference state. All the flows go to zero as weil, so that all the potentials 
become equal. The equilibrium state populations are not equal, however, due to the 
scaling factors. Also, the quantities m and n were introduced because X~ and X 2 
depend on ~~ and k~, respectively, as follows: 

XI --- a 1 V 2 

x~ : a ~ G ,  
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so that 

V 2 - X '  = ( 1 - a l ) [ ~  = m V  2 

V 2 - X  2 - - ( 1 - a 2 ) V  3 =nV a. 

In the set of  five equations generated by Ohm's law, we have four state populations 
plus two flows as unknowns. We also have the enzyme conservation statement: 

VI + a V2 + b V3 + c V4 = CT , 

which provides a sixth equation. The state populations are found first by eliminating 
the flows and then using the "voltage divider" relations derivable from the remaining 
set of  equations to express the potential in a convenient way. 

Combining the first two relations by eliminating J1 : 

V1 = rn ~,~ V2 + ~r 2 v a ,  

where the "voltage divider" ratios 71 and ~'2 are 

")¢1 = R 1 / ( R 1  + R2)> 

and 

3'2 = R21(R1 +R2).  

The same procedure relates V 4 to V 2 and//3: 

I/4 : 9'31/2 + n')'4 V3, 

where 

and 

73 = R41(R4 + R s )  

3'4 = R s / ( R «  +Rs)" 

Combining the first, third and fifth Ohm's law relations to eliminate J1 and J2 : 

( v ~  - v 3 ) I R 3  -- (v<,  - v ~ ) / R s  - ( v i  - V 3 ) / R I >  

or rearranging 

R s R 3  V1 + (R1Rs  + R a R , ) V 2  - ( R , R s  + RsRa)V3  - R a R ,  V4 = 0, 
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the voltage divider relations can be used to eliminate V l and V 4 : 

V 2 = V 3 [ R  s ( R  1 + R 3 ) + R  3 ( R , % n - R  s 3'2)1/ 

[RI  (R3 + R s )  + R3 (Rs  ~'1 m -- R 1 ")'3)] 

= V 3 [ ( R 4 + R s ) ( R 1  + R  2 + R  3 ) + R 3 ( R i  + R 2 ) n ] /  

[(Rx + R 2 ) ( R 3 + R a + R  s ) + R 3 ( R 4 + R s ) m ] .  

At equilibrium, m = n = 1 and V 2 = V a . 
For convenience, ler the numerator of  the above expression be represented by 

N and the denominator  by M. Then, 

V 2 = ( N / M )  V 3 . 

Substituting this and the two voltage divider relations into the enzyme conservation 
expression results in an expression for V 3 : 

V 3 = M C T / [ ( m ' ) "  1 + a + c ' y3 )N  + ("/2 + b + e ' Y 4 n ) M  ] . 

Using this, explicit expressions for the other state populations are also obtained: 

V 2 = ~rC T / D ,  

V 1 = ( % N  + 7 2 M ) C T / D ,  

V 4 = ( 7 3 N +  7 4 M ) C T / D ,  

where D is the denominator in the expression for V 3 . 
It  is now possible to eliminate the state populations from the expressions for 

the network forces (source values): 

X,  = a N C  T (1 - l l~v/H¢~w)(K21/KI2) /D 

(n~~w/n~w- 1)/o = N C  T a a 

X 2 b M C  T ( 1 b b = _ I I c ¢ w / I I ¢ w ) / ( K 3 , / K , 3 ) / D  

= M C  T ( 1 _  ilcc wb/Ilbcw)/D. 
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THE THERMODYNAMIC NETWORK AND THE ONSAGER COEFFICIENTS 

By combining R 4 and R s into one conductance and doing the same for R 1 
and R2, the network becomes identical in form to the "canonical" representation 
of all two degree of freedom Onsager systems [3,4]. Near equilibrium, the network 
forces X 1 and X 2 smoothly become equivalent to the thermodynamic driving forces 
for this system, since m and n approach unity as 

( 1  - -  a a - Ilcw / IIccw) --> A, 

(1 b b -IIc~/llcw ) -~ ~p ,  

where A and Ap are the affinity of the chemical reaction and the chemical potential 
difference of the transported ligand, respectively. In this near-equilibrium domain 
(Onsager), the flow-force relations become the phenomenological equations of non- 
equilibrium thermodynamics: 

B = L l l  A + L~2AP, 

B = L z l A  +L22Ap.  

Thus, the Onsager coefficients are directly obtained from the network as 

Lx2 = L21 = R3CT/4Q,  

L22 = (R 1 + R2 + R3)CT/4Q, 

L l l  = (R 3 + R  4 +Rs)CT/4Q,  

w h e r e Q =  A ( l + a + b + c ) .  

3. S u m m a r y  and  conc lus ions  

With two examples, we have demonstrated a very general method for fmding 
a linear, reciprocal, reference state dependent coordinate system for thermokinetic 
descriptions. Moreover, we have demonstrated that these model-dependent networks 
all merge smoothly into the more general model-independent thermodynamic net- 
works near equilibrium. We know that these thermodynamic networks provide a 
canonical representation of the Onsager systems in an orthogonal coordinate system, 
complete with metric structure [3 ,4 ,24-28] .  

It is now important to ask what the new thermokinetic coordinates furnish 
as a means of analyzing nonlinear systems. Since all the nonlinearity is "pushed" 
into the network sources, the remaining network is a linear, reciprocal object with the 
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stability properües, minimum dissipaüon (network), and other properües usually 
associated with Onsager systems near equilibrium. What remains to be carried out is 
a careful examination of  the interplay between this well-behaved part of  the network 
and its sources. We anticipate that further study of this question will lead to some 
interesüng new ways of  describing the properties of  thermokinetic systems. 
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